Several electrode materials, such as LiFePO 4 , have a thermodynamic driving force toward phase separation. However, phase separation inside the electrode particles can be suppressed when the particles are nanosized. In this case, each individual particle remains monophasic, but phase separation can occur between particles via Li redistribution. Here, we investigate the dynamics of Li redistribution when the equilibrium potential is size dependent. We perform simulations of the charge-discharge cycle in a two-particle cell and in a 65-particle agglomerate. The difference in particle equilibrium potentials can lead to an asymmetry between lithiation and delithiation of an electrode, in which the order of transformation of the particles during lithiation and delithiation is reversed. This effect is more significant at low currents but almost negligible at high currents. LiFePO 4 (LFP) is a promising Li-ion battery material due to its thermal stability, long lifespan, and low toxicity.
LiFePO 4 (LFP) is a promising Li-ion battery material due to its thermal stability, long lifespan, and low toxicity. 1, 2 As shown in experiments, LFP has a thermodynamic driving force toward phase separation. 3 However, it has been proposed that phase separation inside the particles ("intraparticle phase separation") may be prevented in nanoparticulate electrodes. [4] [5] [6] In this case, the particles remain monophasic, and instead Li can be redistributed between them to reduce their free energy and reach a stable state in a process we refer to as the "interparticle phase separation." This process has been the focus of several publications, 1, [7] [8] [9] [10] [11] [12] [13] including our previous studies of particle-interaction dependence on particle position, 14 connectivity 15 and size. 15, 16 The tendency for particles to remain monophasic leads to a discrete transformation of the particles at low currents. 7 This discrete transformation is believed to be responsible for several characteristics of LFP, such as a thermodynamic voltage hysteresis 7 and a memory effect. 17 It has been recently predicted that it also causes the current density at the particle surface to be nearly independent of cell C-rate. 13 Particle size affects (de)lithiation dynamics in multiple forms. In the first form, as explored in our previous studies, 15, 16 the surface-tovolume ratio difference allows smaller particles to reach the miscibility gap faster and to initiate interparticle phase separation. A second form is the difference in the equilibrium potential between particles of different radii. A dependence of the equilibrium potential on the particle size can stem from the difference in surface-to-volume ratio between particles of different sizes, 18 which causes the total surfaceto-bulk free energy ratio to change with size. Another source of size dependence may be the change in stress in the host structure caused by the Gibbs-Thomson effect. 19, 20 For LFP particles, several studies have suggested that smaller LFP particles exhibit higher equilibrium potentials than larger particles. 19, 21 In this study, we incorporate the dependence of the equilibrium potential on the particle size into our previously developed electrochemical model, [14] [15] [16] and use particle-level simulations to elucidate this additional effect on the dynamics of interparticle phase separation. For convenience we refer to this dependence as the "size effect." Two configurations are used for the simulations. The first is a configuration consisting of two particles of different sizes, and the second configuration is an agglomerate with 65 particles with a log-normal particle size distribution. Using these cell configurations, we simulate three cases: a lithiation-delithiation cycle at a low current and delithiation at two higher currents. These simulations will demonstrate that the effect of size-dependent equilibrium potential is significant at low rates and is insensitive at high rates. In addition, we present a derivation for calculating the current at which particles of two sizes react simultaneously, given the size-dependent equilibrium potential.
Model
Four governing equations are employed to model the physical mechanisms involved in the charge/discharge of the cell: the concentration evolution in (1) the particles and (2) electrolyte, (3) charge conservation in the electrolyte, and (4) reaction at the particle-electrolyte interfaces. For simplicity, we assume a uniform electrostatic potential between the particles and the cathode current collector, which is reasonable for the small size of the cells. We here use the Smoothed Boundary Method (SBM) [22] [23] [24] to incorporate the boundary conditions (including the interfacial reactions) into the partial differential equations to be solved. In the SBM, a domain parameter, ψ, is employed to represent the different domains. In this case ψ = 1 represents the particle domain, ψ = 0 the electrolyte domain, and 0 < ψ < 1 the particle-electrolyte interface.
As in our previous publications, 14, 15 we here assume that the particles transform through a metastable solid solution, 4 an assumption that has been recently validated experimentally. 12, 25 The concentration evolution of the monophasic particles is modeled with Fick's diffusion. 16 The SBM form of Fick's diffusion equation can be written as
where C p is the concentration of Li in the particles, D p is the diffusivity, t is time, and r Li is the reaction rate. The dilute binary solution theory is utilized to model the electrolyte. 26 The SBM form of the concentration evolution in the electrolyte can be written as
where C e is the salt concentration in the electrolyte, D amb is the ambipolar diffusivity, and t + is the transference number of the cation.
For the charge conservation in the electrolyte, the SBM equation is
Journal of The Electrochemical Society, 162 (9) A1718-A1724 (2015) A1719 the following: [3] where F is Faraday's constant, R is the ideal gas constant, T is temperature, φ e is the electrostatic potential in the electrolyte, and υ + is the dissociation number of the cation. Furthermore, z i and D i are the charge number and the diffusivity for species i. The electrochemical reaction rate is calculated using the ButlerVolmer equation,
where i 0 is the exchange current density, C 0 e is the reference average Li concentration in the electrolyte for the experimental system in which the exchange current density is measured, and α is the transfer coefficient. The overpotential η is defined as η = φ − φ eq (r ), [5] where φ = φ p − φ e is the electrostatic potential difference across the particle-electrolyte interface and φ p is the electrostatic potential in the particles. φ eq (r ) is the size-dependent equilibrium potential. Note that φ is nearly equal to the cell voltage because of the small cell size, limited C-rates, and because no other losses are considered. Ignoring nanoscale effects, we model the size effect as inversely proportional to the particle radius as in Ref. 18 . Here, φ eq (r ) is defined as a function of the particle radius, r , according to the size effect:
where a is a constant quantifying the magnitude of the size effect. Furthermore, φ 0 eq is the equilibrium potential of an infinitely large particle, defined by the polynomial
, [7] where V OC is the reference open circuit voltage plateau, X p = C p , and is the molar volume of LFP. As can be inferred from Eq. 6, the size effect is significant when the particle radius is small. Here, we consider a metastable solid-solution model in which Li concentration remains nearly uniform throughout the bulk and surfaces of the particles, which justifies the constant shift of the equilibrium potential due to the size effect. The value of a is 1.7 × 10 −8 V/cm, which is estimated from the results reported by Meethong et al. 19 based on a difference of 7 mV in the open circuit voltage of 17-nm-and 56.5-nm-radius particles. If the source of the size effect were solely attributed to the surface-tovolume ratio of the particles, as in Ref. 18 , the value of a we selected would correspond to a value of σ L F P − σ F P = −1.2 × 10 −5 J/cm 2 . Here σ L F P and σ F P are the surface free energies of LiFePO 4 and FePO 4 , respectively. Note that a is an empirical parameter combining the contribution from various surface orientations present; ab initio calculations indicate that the size effect would be negative for the (010) surface and larger for the remainder of the surfaces. 18 3 /mol. A constant-current and a no-flux boundary conditions are imposed at the anode-electrolyte and the electrolyte-current collector interfaces, respectively. For the remainder of the box boundaries, a noflux and a periodic boundary conditions are imposed for the twoparticle cell and the agglomerate, respectively. A central finite difference scheme is used for the spatial discretization with a 2-nm and 2.5-nm spacing for the two-particle and the 65-particle configurations, respectively. Eq. 1 is solved explicitly using an Euler time stepping scheme; Eqs. 2 is solved implicitly using and alternatingdirection-line-relaxation (ADLR) 23, 31, 32 method. The solution for Eq. 3 is also obtained by ADLR every time step.
Results
The results for the two-particle and the 65-particle configurations are now described. We only show the results for the particle concentration evolution and the cell voltage, as the electrostatic potential and salt concentration in the electrolyte are nearly uniform due to the small dimension of the cells.
Two-particle configuration.-In this section, we use a cell configuration identical to that used in our previous work, 16 containing two particles of different sizes. The smaller particle has a 40-nm diameter, and the larger particle has a 70-nm diameter. The dimensions of the domain are 96 × 180 × 96 nm 3 . Figure 1a shows this configuration, which also denotes the locations of the anode and current collector.
We first simulate the lithiation-delithiation cycle at i = 6%i 0 (i.e, the average current at the particle surface is equivalent to 6% of the value of i 0 ). This current density corresponds to C/12.5 for this cell. Figure 2a shows the depth of discharge (DOD) for the particles and cell during lithiation. The corresponding voltage is plotted in Fig. 2c curve (i) with the single-particle equilibrium potentials of the two particles. The size effect produces a higher particle equilibrium potential for the smaller particle, as shown by the black dotted curve in Fig. 2c . The driving force for lithiation is φ eq (r ) − φ = −η. Thus, the size effect enhances lithiation of the smaller particle by increasing φ eq (r ), and consequently the driving force, which further facilitates interparticle phase separation. In addition to this enhancement, the general lithiation dynamics remain similar to the case in which the size effect is excluded, which are shown in Figs. 2d (DOD) and 2f curve (i) (voltage). This case was described in our previous study, 16 in which we provided a step-by-step explanation of the relationship between the sudden changes of the cell voltage and the equilibrium potential of each particle; therefore, we do not repeat it here.
The size effect significantly affects the delithiation dynamics at low currents. Figure 1 shows the concentration evolution of the particles during delithiation. Initially, both particles are nearly fully lithiated. At i = 6%i 0 , the smaller particle remains lithium-rich until the larger particle becomes nearly fully delithiated; see Figs. 1b and 1c. When the larger particle is fully delithiated, the smaller particle begins delithiation; see Fig. 1d .
Figures 2b and 2c curve (ii) show the DOD of the particles and voltage, respectively, for delithiation at i = 6%i 0 . Note that the abscissa in Fig. 2b is the state of charge (SOC = 1-DOD). At the beginning of delithiation, the cell voltage enters the range between the equilibrium potential of the larger particle (solid black curve in Fig. 2c ) and the smaller particle (dotted black curve in the same figure). The driving force for delithiation is φ − φ eq (r ) = η. Therefore, the size effect reduces the driving force for delithiation for the smaller particle. In the case presented in Figs. 2b and 2c, only the larger particle is (e) Delithiation at 6% i0 (f) Voltage during cycle at 6% i0
Size effect considered Size effect excluded driven by the cell voltage to delithiate for the given current. As the larger particle delithiates, the cell voltage decreases further. Thus, the smaller particle remains nearly fully lithiated. When the larger particle is nearly fully delithiated, the cell voltage increases above the smaller particle equilibrium potential at its upper spinodal point (the local maximum of the equilibrium potential) to maintain the current, causing the smaller particle to begin delithiating. When the size effect is excluded from the model, as shown in Fig. 2e and 2f curve (ii), the smaller particle reacts first due to its greater surface-to-volume ratio.
The difference between lithiation and delithiation when the size effect is excluded is due to asymmetric equilibrium potential. The smoother shape of the equilibrium potential at the upper spinodal point weakens the interparticle interactions. The size effect enhances the asymmetry in the lithiation/delithiation dynamics by favoring the delithiation of the larger particle. To further investigate the size effect during delithiation, simulations were performed at two additional currents: i = 18%i 0 (C/4.2 rate) and 54%i 0 (C/1.4 rate). (No additional simulations were performed for lithiation because it does not exhibit major differences from the case without the size effect.) The results are shown in Fig. 3 . A higher current produces a higher overpotential and, consequently, a higher cell voltage. At i = 18%i 0 , the voltage is sufficiently high such that it exceeds the equilibrium potential of the smaller particle at its upper spinodal point, which facilitates delithiation of both particles at the beginning of the process. However, the larger particle reacts more rapidly than the smaller particle due to the larger overpotential. The voltage decreases as the larger particle delithiates because of its decreasing equilibrium potential. Eventually, the applied potential becomes lower than the equilibrium potential of the smaller particle, which causes the smaller particle to lithiate again to a nearly fully lithiated state. The remaining dynamics proceeds in a similar manner as at i = 6%i 0 . At the highest current considered, i = 54%i 0 , the overpotential is sufficiently large such that the size effect is negligible. The voltage is higher than the equilibrium potentials of both particles throughout the entire delithiation process, and the smaller particle delithiates more rapidly than the larger particle due to its larger surface-to-volume ratio.
In this simplified configuration, it is possible to derive an applied current at which the two particles can delithiate at the same rate, even when the two spherical particles have different radii. Here, we assume that transport is not limited (in both the particles and electrolyte) and that the electrostatic potential distribution is uniform throughout the cell. The two particles will delithiate at the same current per volume (proportional to the C-rate) if the particle current normalized by the particle volume is identical:
where i j , A j and V j are the particle current density, surface area and volume, respectively, of particle j. At a low current, it is a reasonable approximation to linearize the Butler-Volmer equation, which allows us to obtain the current densities at the particles' surfaces as follows.
See Appendix for derivation of Eq. 9. We calculate the average current density (total current/total particle surface) as
[10]
The expressions for i 1 and i 2 from Eq. 9 are substituted into Eq. 10 to obtain the following,
Equation 11 is also applicable to a cell containing particles of two different sizes that are evenly distributed between the two sizes with the same number of particles of each size. This equation can be easily generalized to account for different number of particles in each size group. In our aforementioned simulations, the order of delithiation of the particles changed between i = 18%i 0 and i = 54%i 0 . According to Eq. 11, the transition should occur at i = 29.4%i 0 . To verify this prediction, we performed several simulations with applied currents of various magnitudes at approximately i = 29.4%i 0 . The transition occurred at applied currents between i = 27.9%i 0 and i = 28.8%i 0 . The small discrepancy between the prediction and simulation is attributed to the approximations in the derivation of Eq. 11 (including linearization of the Butler-Volmer equation) and the error in the simulation associated with the finite thickness of the SBM interface. 23 Dilute agglomerate configuration.-The lithiation-delithiation dynamics for a cell containing 65 particles are now discussed. The particles are randomly distributed throughout the 320 × 320 × 300 nm 3 domain without allowing the particles to contact one another. An empty region was left in the bottom 30 nm of the domain, which corresponds to the separator. The particles follow a log-normal size distribution, f , with a probability density function:
where r is the radius of the particle (in nanometers),ã = 1, σ = 0.2, b = 5 nm, and β = 7.5 nm. 15 The particle radii range approximately from 19 nm to 35 nm, with an average of 26 nm. The configuration is presented in Fig. 4a and is identical to the configuration used in our previous study. 15 Similar to the two-particle configuration, we first describe the lithiation-delithiation cycle at a low current followed by delithiation at two additional currents.
The simulation is performed at i = 6%i 0 (equivalent to C/11.1 rate for this case). Regarding lithiation, Figs. 5a and 5c curve (i) show the DOD of the 65 particles, arranged in the order of their size, and cell voltage, respectively. The single-particle equilibrium potentials of the second-smallest (r = 18.7 nm) and second-largest (r = 35 nm) particles are also shown in Fig. 5c . Here, we selected the second-smallest and the second-largest particles and not the smallest/largest because the smallest/largest particles are outliers of the distribution due to the statistically small number of the particles. As in the two-particle configuration, the lithiation dynamics in this simulation are similar to the case in which the size effect is excluded (discussed above and shown in Figs. 5d and 5f curve (i)); the only difference is that interparticle phase separation is enhanced. Lithiation begins with the smaller particles, and group-by-group sequential transformation occurs from the smaller to larger particles. During this lithiation process, the cell voltage exhibits a series of discrete (in this case five) sudden increases and decreases that correspond with the group-by-group transformation of the particles. This behavior has been described in detail in Ref. 15 , and therefore it is not repeated here.
By contrast, during delithiation, the size effect facilitates delithiation of the larger particle via the equilibrium potential shift as discussed for the two-particle case. Figure 4 shows the concentration evolution of the particles during delithiation. As in the two-particle case, the larger particles delithiate first at low currents. Figures 5b and 5c curve (ii) show the DOD of the particles arranged by size and the resulting voltage for delithiation. As with lithiation, the particles react in groups, which produces sudden decreases and increases in the cell voltage. However, when the size effect is included, delithiation begins with the group of larger particles, unlike the case without the size effect, as shown in Figs. 5e and 5f curve (ii). An extended analysis of the mechanism underlying the group-by-group transformation is presented in Ref. 14. As with the two-particle configuration, the difference between lithiation and delithiation dynamics without the size effect is due to the asymmetric single-particle equilibrium potential.
Van der Ven and Wagemaker 18 suggested that there should be a slight overall tilt in the cell voltage due to the size effect. The simulation result in Fig. 5c appears to show this tilt, but it is not obvious due to the tight size distribution we employed and the small value of the constant a. A larger size dependence and/or a wider particle size distribution will enhance the tilt of the voltage curve.
The delithiation results for two additional currents are described below. The DOD of the particles during delithiation at i = 18%i 0 (C/3.7 rate) and i = 54%i 0 (C/1.2 rate) are shown in Figs. 6a and 6b, respectively. At i = 18%i 0 , the larger particles react first, and the particles react in two groups. Many smaller particles undergo partial lithiation at the cell SOC between 25% and 50%. The results indicate that the size effect remains significant at this current. The cell voltage at this current is plotted as curve (i) in Fig. 6c . Two sudden decreases in the voltage curve are apparent and correspond to the group-by- 
(e) Delithiation at 6% i0 (f) Voltage during cycle at 6% i0
Size effect considered Size effect excluded (d) and (e), the particles are arranged along the vertical axes according to their size, the bottom being the smallest particle and the top being the largest particle. The colors indicate the particle DOD according to the color bar on the right. Note that the horizontal axes in (b) and (e) are SOC. In (c), the solid and dotted black curves indicate the equilibrium potential of the second-largest and the second-smallest particle, respectively, as a function of the particle DOD (rather than the cell DOD). In (f) the solid curve indicate the size-independent equilibrium potential.
group interparticle phase separation events. At the early stage, almost all particles are delithiating because the cell voltage is higher than their single-particle equilibrium potentials, as shown in curve (i) at the cell DOD between 50% and 95% in Fig. 6c . The delithiation overpotential of the larger particles is much larger than that of the smaller particles. Thus, the larger particles delithiate more rapidly than the smaller particles, even though the smaller particles have a larger surface-to-volume ratio. At the higher current, i = 54%i 0 , the voltage is sufficiently high such that the size effect is negligible; thus, the smaller particles delithiate first, unlike the previous case. Here, the smallest particle is abnormally small, and thus, the overwhelming size effect hinders its delithiation until all other particles are fully delithiated. In addition, the i = 54%i 0 voltage is sufficiently high such that interparticle phase separation is hindered, 16 and thus, all particles are delithiated nearly simultaneously. Therefore, the particles do not transform in groups.
Discussion
In portable electronics, intermittent rests during charge/discharge processes (delithiation/lithiation) are common. Because Li transport from/to the counter-electrode is halted, relaxation through interparticle phase separation is the only route toward equilibrium when intraparticle phase separation is suppressed. Although the size effect may be small, it may be important for determining how phase separation proceeds. Under the assumption that smaller particles have a higher equilibrium potential, smaller particles will favor Li absorption from neighboring larger particles. During delithiation at a higher C-rate, where the size effect is negligible, the smaller particles delithiate before the larger particles. The smaller particles provide a better rate performance in comparison to the larger particles due to their larger surface-to-volume ratio. Thus, the rate performance of the cell will deteriorate as the smaller particles become fully delithiated and the current is supplied mostly by the larger particles. However, this deterioration may be avoided by a pause in the charge process because some of the smaller particles may draw Li from neighboring larger particles during the pause. The delithiation may then proceed similarly as the beginning of the delithiation process, in which the smaller particles delithiate before the larger particles. This process repeats with each pause during the charge process. By contrast, during lithiation the rate performance will degrade by intermittent rests. The smaller particles (which lithiate before the larger particles during discharge) continue to lithiate during the rest periods, extracting Li from the larger particles. Thus, the remainder of the process must proceed through insertion into the larger particles, which requires a larger overpotential for a given rate.
Synthesizing LFP cells with a narrow particle-size distribution can help spatially homogenize the reaction of the particles. However such a task can be challenging and expensive. Instead, for specific battery applications, an alternative approach to improve cell performance can be pursued. Due to the size effect, a particle-size distribution can be optimized to homogenize the charge over a cell for a given C-rate. Equivalently, for a given particle-size distribution, an optimal C-rate can be determined at which the particles delithiate homogeneously (again assuming that the smaller particles have a higher equilibrium potential). However, this type of optimization is only desirable for devices in which charge efficiency is more important than discharge efficiency and that are always charged at the same C-rate.
If the larger particles have a higher equilibrium potential, in contrast to the assumption herein, the changes in dynamics due to the size effect would be opposite of what has been described above. The size effect would favor larger particles for lithiation and smaller particles for delithiation and thus would not significantly affect delithiation behavior. However, the lithiation behavior could be reversed such that larger particles would lithiate before smaller particles. For this case, intermittent rest would be beneficial for lithiation (i.e., discharge) and detrimental for delithiation (i.e., charge). In such a case, the size effect can be exploited to enhance the rate performance in applications that have intermittent discharge. Candidate materials can thus be screened for their surface energies, in addition to voltage, thermal stability, diffusivity, etc.
Experimental batteries contain numerous particles with usually a wide size distribution. In such cells, small particles that remain monophasic coexist with two-phase large particles. As described in our previous work, 16 the particles that undergo intraparticle phase separation may react prior to monophasic particles of smaller size. The sequential group-by-group transformation dynamics observed in this work is not affected by the phase separation of large particles. However, the presence of many particles causes the discrete events of Li redistribution to occur at different times in different locations throughout the cathode. 15 Thus, in cells with many particles the oscillations in the cell voltage are no longer observable, 7 even though the consequence of such transformation mechanism still remains. It is also important to note that the tendency for the smaller/larger particles to favor lithiation/delithiation during rest periods also remains, even if the larger particles are phase separated.
Experiments can be designed to examine the predictions described above. For example, experimental comparisons between different Crates could verify the prediction that larger particles delithiate before the smaller ones at a sufficiently low C-rate while, at a rate higher than a threshold, smaller particles delithiate before the larger ones. However, these experiments must be carefully designed such that the current densities at the particles' surfaces are well controlled.
For example, Ref. 13 predicts that current density of the reacting particles is nearly constant when a cell consists of many particles. Therefore, the experiments may require a use of cells with a small number of particles. Also note that the presence of both two-phase and monophasic particles can lead to the change in the sequence of reaction, 16 and therefore the particle size and distribution should also be chosen to avoid this situation. These comparisons could be performed using nuclear magnetic resonance (as in Ref. 33) , energydispersive X-ray diffraction (as in Refs. 34, 35 ), or synchrotron-based X-ray microscopy (as in Ref. 13) .
Conclusions
In summary, we analyzed the size effect on lithiation/delithiation of particles in which intraparticle phase separation is suppressed. We first simulated a simple two-particle configuration to systematically analyze the size effect and derive the condition for concurrent delithiation of different-size particles. This was followed by the analysis of the size effect on a group of particles by simulating a system of a 65-particle agglomerate. We demonstrated that, when the smaller particles have a higher equilibrium potential, as suggested by experimental observations, the size effect does not lead to qualitative changes in the lithiation process. On the contrary, the size effect can reverse the order of particle phase transformation at low currents during delithiation. At higher currents, the size effect is negligible even during delithiation. The role of intermittent rests during the charge and discharge process was also discussed. We showed that charge rate performance could be enhanced with intermittent rests if the smaller particles have a higher equilibrium potential than the larger ones. This provides an additional material selection criterion for the cathode material selection, particularly for applications where charge rate performance is important. vanced Research Computing.
Appendix: Derivation of Eq. 9
We begin with the linearized Butler-Volmer equation:
where η is defined as
When two particles react at the same C-rate, their surface current per volume is as follows:
[A3]
For spherical particles, Eq. A3 can be rewritten as
[A4]
Substituting Eq. A1 into Eq. A4 and reorganizing the equation, we obtain the following:
[A5]
Using the definition from η (Eq. 5) and defining η 0 = φ − φ 0 eq we can express Eq. A5 as follows:
) unless CC License in place (see abstract .
[A7]
Using Eq. A1 and Eq. A2, we can also write η 0 as a function of i and r for either particle as follows:
[A8]
Equating Eq. A7 with A8 and solving for i 2 , we obtain
Following the above derivation, we obtain i 1 , as shown in Eq. 9.
